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Generation of Permutations Following 
Lehmer and Howell* 

By Enrico Spoletini 

Abstract. This paper proves two formulas used to obtain, by an arithmetic method, both the 
next permutation with respect to a given one and the m th permutation, in lexicographic direct 
ordering. 

1. Introduction. Almost all the methods used to generate permutations are based 
on exchanges and/or cycles and/or recursive techniques (see [4] and [5]). 

Lehmer [3] developed a method to produce permutations of k marks 0, 1,.. , k - 1 
in lexicographic ordering, based on the consideration that any permutation can be 
thought of as a base k integer. 

In [1] Howell improved the above result of Lehmer, showing that all permutations 
of the k marks 0, 1,. . . , k - 1 may be obtained in the direct lexicographic ordering, 
from the permutation 0 1 ... (k - 2) (k - 1), regarded as a base k integer, 
successively adding the number k - 1 radix k, and rejecting all results which contain 
repeated digits. 

In the present note this result is further improved upon, by computing the 
difference between two consecutive permutations in the direct lexicographic order- 
ing. Moreover, an arithmetic method to find the mth permutation (in the direct 
lexicographic ordering) is provided. 

To avoid ambiguities in the following, we denote the m th permutation by Pm and 
the same permutation, considered as a base k integer, by UkPm. 

2. Generation of the Next Permutation in the Direct Lexicographic Ordering. Let 
P< be a permutation of the k marks 0, 1,... ,k - 1. P can be represented as a 
sequence ak akl ... a2 a, of k numbers a, with 0 < ai < k - 1 and ai 0 a, for 

every i 0 s (I < i < k, I < s < k). 

LEMMA 1. Let ak ... ah ... aj ... a, be the permutation PO of the k marks 

0, 1 ..., k - I and suppose a, < ... < aj < ... < ah_I1 5 ah and aJ-, < ah < ai 

Then okPo + I may be obtained by adding 

E k'-1(1 - kh-21)(ah-i - a1) + kh-J1(1 - k')(ah - aj) 
ir= 1,k[(ht- 1)/2] 

radix k, to ak Po, 
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Proof. It is well known that, in our hypotheses, P<X? may be obtained from P< 
exchanging ah with aj and reversing the order of the k marks ah,l ... aj+l ah 

aj-, ... a, (see [5]). Then, computing \a,, = UkPa+1 - Ok Pa, we obtain 

~a , kil(ah-i -a) + kh Jl(ah - a1) + khl(a1 ah) 
i=l,h-1 

= E ki (ah-i - ai) + E k hi(ai - ah-i) 
i =1, [(h -1)/2] i =1, [(h -1)/2] 

+ (kh-J-1 - kh-l )(ah - aj) 

E kk-1(l - kh-2i)(ah-, - ai) + kh1j1(1 - k')(ah - aj). 
i = 1, [(h -1)/2] 

We wish to point out that, while the procedure described in [1] provides 

E k'-'(k - 2i + 1)(kk-2i + kk-2i-1 + + 1) - k! + 1 
i= 1,[k/2] 

integers which must be rejected in order to construct all permutations of the k marks 
0,1,2,..., k - 1, by our method we obtain the only integers which are associated 
with some permutation. 

Remark 2. By an analogous procedure, we may easily verify that, starting at the 
athpermutationak * ah ... aj ... a1 witha1 > * > a. > ... > ah - ah and 
aj, > ah > aj, the previous permutation Pa-1 may be obtained by adding to akPo, 
the integer 

a = E ki-1(I - kh-21)(ah i - ai) + kh-ij1(1 - ki)(ah - aj) 
i-l , [(h -1)/2] 

radix k. 

3. Generation of the mth Permutation in the Direct Lexicographic Ordering. 

THEOREM 3. Let P1 be the permutation 0 1 2 ... (k - 1) of the k marks 0,1,..., 
k - 1; let m be an integer such that m - 1 = Ei=, 1bii! with / < k and 0 < b, < i. 
Then the permutation Pm may be obtained by adding, radix k, to ukPl the integer 

^mn E bik' -(k - k' - b,)(k -1)} 
i=1,l 

E E 81-j,I-i(k -' k1-j- bl-, -Yh=1-.,l-j- 181-j,h) 

j=0,1-2 i=j+1,1-1 

where S,v - 1 = (b,-1 - b, + 1) and, if v - w > 1, 

v w = 6v - - E vv, - w + bw) with 6(x) {10 if <0 O 

Proof. We will proceed by induction on m. For m = 1 one has & = 0. Now 
suppose that the statement is true for m, some positive integer: we shall prove that it 
is true for m + 1. To this end, in view of Lemma 1, it suffices to prove that 

UkPl + Am + Am = UkPI + Am + 1, 

or, equivalently, 
Am+1 - S" = Am 
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Let m - 1 = Y_=2_bii! + bll! (I < k) be the factorial representation of m - 1. We 
shall distinguish two cases: b1 = 0 and b1 = 1. 

Case 1. Let b1 = 0. Then we have m = E1-2,,b,i! + 1. Denoting by 6* the 6's 
computed for Am ?1 it follows that 6 = 68*J for every j > 1. Moreover, it is easily 
verifiable that 

= implies =0 and (11 =1 implies 6*l =8 1 

and we have 

8 =0 and (S*l = 1 if and onlyif i - b1 - 8 6= 1. 
j=2,1-1 

That being stated, we have 
m1 = [,(k - k1lbiEh=2,i-1 ,h-8.1) 

Z 2,1 

-8 l(k - k1-bi-Yh=2,-18i,h-8i,1)] + (k - 1) 

= E (k- 1) +(k- 1) = (1I + 1I)(k- 1), 

where I= {i I*6 = 1 and 
6i', 

= 0), i.e., I= {iIi - b- E12,1161 = 1) 
We remark that for b1 = 0 in the mth permutation ak ... a2 a, we have a2 < a1; 

therefore the (m + I)st permutation may be obtained by adding to UkPm the integer 
(a2 - a1)(I - k), radix k (Lemma 1). Then, it will suffice to verify that 

a, - a2 = 1 + III- 

To this end we note that a2 and a,, by the action of Am, are respectively: 

a2 = k- 2 + INI - IMI whereN= {il1l, = 1) and 

M= (i1i-bi - Si, h -<1 
h-1,i-1 

a, = k - 1-ILI whereL L {ili-b,- ' )iO} 

Thus a1 - a2 = 1 - ILI + IMI - INI. That being stated, let us show that 6S1 = 1 
implies i - bi - Eh=1,-1Sih < 1. In fact, let us suppose 

(1) i - bi - X ih ,h 2 and Si' = I 

Then 6S1 = 6(i - b1 - Eh=21161h - 1) = 1 and, by (1), it results that i - b - 

Yh=2,i-18i,h > 3. Hence 61,2 = 1 and i - b1 - Eh=3,1-18i,h > 4. At this point it is 
clear that 86 j = 1 for everyj < i. Replacing this result in the first relation of (1), we 
obtain the contradiction i - b1 - i + 1 > 2. Then it follows that 

IMI - INI= i1i - b, - h , 1,h < 1 and 6,,1 = 0 

Moreover, from i - b1 - Eh=1,i-1Si,h = 0 it follows that 61j = 0; thus IMI - INI - 

ILI = II where I = {ili - b1 - Yh=1ji-18i,h = 1 and 6S1 = 0), i.e., I = {iIi - b, - 

h = 2, i- 1i, h = 1}. Thus, in this case the statement is proved. 
Case 2. Let b1 = 1. Then we have m = Yi=r+,lIb,i! + (br + I)r!, where r is the 

least positive integer such that br < r. Then it follows that r > 2 and br__ = r - i for 
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every i with 0 < i < r. As in the preceding case, we shall denote by S* the S's 
computed for Am"'. We state now some propositions which shall be used in the 
sequel, and which may be deduced by examining the Si j's and i's. 

(2) If j > r, then 8 =(Si. 

(3) 0t 0*Si,r 0, ? i,r = 1 (i*r = 1, 

i= 1 and ai,r = i-bi- b E i,hr + br = . 
h=r+l,i-1 

(4) If i> r, then, for everyj with 1 < j < r, we have 
(l*r-l = 1 (Str-j = 1 and Si r-j 1 

0 r -,r = 0 and i,r= 0. 
(5) If i> r and] < r then it follows that, for every s withj < s < r, 

i. = 1--. = 19 6i* = 0 --,s = '0. 
(6) Sr, j1 > br, ir*, = 1 I<r-br-1. 
(7) If i < r, then we have61 = O and6t1 = 1. 

(8) Si,r =1 implies i, r- = 1 

(9) =r-1 1 implies 6ir = 1. 
(10) Let i > r. If there exists an integer j < r such that 611 = 1 

(6*j= 0), then, by proposition (5), there is an integerji (ji) so 
that 8= 1 ((r = 0) for everyj with j < j < r (ji < j < r), 
while we have = 0 ((S,8 = 1) for every j with 0 <j <J 
(0 <j <j `). Moreover, we obtain i - bi - L2=,i-1biJ = 

r - ji (i -bi - Ej=r,i-I lbi =Ji) 

That being stated, let us compute Sm?l - Ym. In view of (2) and (7), since (7) implies 

-2h=j,i-1bh = j foreveryiwith2 < i < r, wehave 

(11) m+l? [(ir)kr-l + kr-i-l + ...+ 1]) 

il,-1 

+ -kr kr-br-1 + r - krb-1-h=J,r-l1r*h) 

j=l,r-1 

r,j (k' - 

k 

r,br=J,r-hjr1a)]r) + ( -. [sr*+h,r(kr - kr+h-br+h TI=r,r+h-1hr+?h) 

r+ hr (kr_ k rh-r+h i=r,r+h-1arhrh)] 

+ L r [r*+h,j(k - k r+hbr+h-I=J,r+h1r*+h) 

i=l,l-r j=l,r-I 

-Sr+h,j(k' - k rh-br+h-T-I=j,r+h-1'r+h,i)]) 

In view of (6), the second term of sum (11) becomes 

(12) kr r ki + ' ki. 
j=br,r-1 j=O,r-br-2 
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Now, we shall examine the third term; if 6r*+hr = 6r?h,r making use of the 
proposition (2), we obtain 

Sr+h r(k - krh br+h Ei=r+l,r+h-1ar+h,-8r*+h) 

- r +hr (kr- k r+h-br,+h-El=r+1,r+h-18r+h, -8r+h,r) = 0. 

If, on the contrary, we have sr*+h,r S ar+h?r, then, by the third relation of proposition 
(3), we have ?r*+h,r = 1 and Sr+h,r = 0, or equivalently, 

(13) r + h-br+h- E 5r+h, -r + br = 0. 
i=r+l,r+h-1 

That being stated, the third term of the sum (11) becomes 

(14) IMI(kr - kr-br-1), 

where M is the set of the h indices for which the equality (13) holds. Now, let us 
consider the fourth term of the sum and start by examining 

E [sr+h,j(ki - kr?hbr+h l=r+l,r+h-1a6r+h,-_=j,r r+h,) 

(15) j=l,r-1 

-Sr h,j (k J - k r+ h-br+ h-y_i=r+l1,r+h-1lar+h ,i--i?=,r6r+h ,i) 

lf Sr*+h,r-I 
= 1 from (4) and (9) we obtain Sr*+h,r-j = 1 ,r+h,r-j = I and r+h,r = 1 

Thus the term (15) is zero. If Sr+h r-I = 0, making use of (4), we have Sr*+h r -j = 0 

andr +h, r-j = 0, and (15) is again zero. 
It now remains to examine the case Sr*+h,r-I = 0 and Sr+h,r-I = 1. By (10), 

denoting by ir+h and ir+h respectively the least positive integers such that 8r+h?,r,h = 1 
and SCr*+ hi 

h 
= 0, (15) becomes, in view of (5), 

E ( kiJ - k'r?+l I-Jr+h-1 ?r+h,) 

j=1, !r+h-l 

- E (ki - kr-ir+h-=j,r-l1r+h,) = (ki- lr+h-Vk). 

j =ir+ h, r-1I j=ir+h,r-1 

Then the fourth term of the sum becomes 

(16) E E (ki-ir+ -kj), 
heH j=i,r+h,r-1 

where H = {hl1 < h < I-r, 8hr- = 0 and 8r+h,r-I = 1). In conclusion, from 
(11), (12), (14) and (16) it follows that 

Am+l _ A = E [(ir)k r-i + kr-i-I + ***+ 1 +k kr _ kJ 
i=l,r-1 ~~~~~~~~~~~~~j=b,.,r-1I 

+ ki + IMi(kr kr-br-l) 

j=O,r-b,.-2 

+ E E (ki- ir+h k- ) 
heH j=ir+h,r-I 

that is, 

Am+l _ = n cjki-1 

i=1,r+l1 
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where 

Ci r -2i + 1 + S(r- br- i) -(i- br) 

(17) Cr+ I 1 + -MI, 

cr-b 2br-r + 1 - (r-2br) + lHrbrl - Hr-br - IMI 

and Hj = { h e HI j < r - 1- 'r+h}HJ = {h E HI j > ir+h}. Note that forj = 0 
it follows that Ho = H and HO = 0 . 

That being stated, let us remark that m = i=r+1bii! + (br + I)r!, and therefore 
for the last r + 1 digits of the (m + I)st permutation we have the relations 

a > a2 > . > ar > ar+1 and ar-b, < ar+1 < ar-b,.-l 

Then, the mth permutation becomes ak ... ar* jar ... a1 with a1 = ai (if i > r + 1), 
ar+1 = ar-br, ar = a1,,, ab. = ar-b, +1 abr+1 = ar+1 . .. , a, = ar. Therefore we 
have a, < a2 < ... < ar qt ar+j and ab, 

< ar+1 < abr+P Then, by Lemma 1, we 
find 

/\m ? k'-1(ar+l-i - a1) + kr-br l(ar+ - ab,+1) + kr(ab?+1 - ar+l). 
i=l1,r 

Hence, putting L = {h h > 0? 'r+h,i = 1) and 

N= hlh > 0, r + h-br+h- r+h,j < i) 
j =l1,r+ h-I 

we obtain 

ar+ = k- r - 1 + br + ILrl - INrlI 

abr+1 = k -r + br + ILbr - Nbrl if br *, 

ai = k-r + i-2 + ILI1 I-NI-11 + 8r,1_l if 1 < ir 

a1=k-1-r- JNOJ ifbr *?O 
a1=k-r--INO ifbr=0. 

That being stated, if br =# 0, we have 

abr+l - ar+l = 1 + ILbrl-ILrl + INrl- Nbrl 

Making use of (8) and (10), it is easily shown that Sr+h,r = 1 implies r+h,b =, 
whence 

ILbrl ILrl =I{ h Ih > ?, Sr+h,br 
- 1 andr+hr = ?O}| 

From Sr+h, b = 1, in view of (5), it follows that 

(18) r + h -br+h - E Sr+h,i 
- r+h,r r + br + I > O. 

i=r+ l,r+h-1 

Moreover, Sr+ hr = 0 is equivalent to 

(19) r+ h - br+h - E Sr+h,i - r+ brs, 0. 
i=r+l,r+h-I 
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Hence, (18) and (19) hold together if and only if 
r + h-br+h - ? Sr+h,i = r - br 

i=r+l,r+h-1 

whence ILb I - ILrl = I MI. Moreover it is easily verifiable that 

INrl-INbrl hlh > 0, br < r + h br+h - : Sr+h,i r =0. 
i=l,r-{h-1 

Hence abr+1 - ar+1 = 1 + IMI. If br = 0, we have 

abr+i -ar+1 = a1 - ar+1 = 1 -LrI +INrI-IN01 

After remarking that r + h - br+h - Ei=r+l,r+h-1 Sr+h,i > r implies r + h - br+h 

- 
Y-i=l,r+h-i Sr+h,i < r, it is easy to verify that INrl - ILrl - INOI = IMI, whence we 

obtain again ab,+1 - ar+1 = 1 + IMI. Let 1 < i < r, and consider 

ar+l- - = r-21 + 1 + LrJi -Li1_ + INI-11-11 + 8r,r-i -r,r --1 

Let us suppose r + 1 - i > i. Then it follows that ILr_,I - ILi-1I = IPiI where 

Pi hlh > O, r + h - ? Sr+h,j > ? and 
j=r+l-i,r+h-1 

r + h br+h ? r+h, j <, ? 

j=i,r+h-1 

Denoting by ir+h the least positive integer such that Sr+h,l? +h = 1, we have i - 1 < 

ir+h < r- i, that is, i- I < ir+h and i- 1 < r- ir+h -1. Moreover, for h e P, 
we have 8r+h,r-I = 1 and r + h - br+h -Ej=r,r+h-1 sr+h,j < r- 1, whence h E H. 
Thus 

ILr-il-ILI| =|Ih Ei Hli- I< ir i-1 h r- 'r+h -1 = IHI-1-I H-11. 

Since it is immediate that INi> - I Nr-I = 0, it follows that 

(20) ar+1 i - a, = r -2i + 1 + IHI -1 IHi_11 + 8r,r- i r, - l 

In an analogous way we find the same result if i > r - i + 1. Now, let i = 1. It 
follows that 

(21) ar -1 = r + Lr_11 - N1l + INOI. 

Let us compute ILr-11 - INr-ll + INoI; we have Nr- 1 - No = N*, where 

N* =hlh > 0,0 < r + h-br+h - ? Sr+h,j < r1 
j=1,r+h-1 

Moreover, h E N* implies Sr+h,r-l = 1, whence 

ILr-11-INr-ll + II=I{hih > ?) r+h,r-I 1 andh e N*}L. 
But h 4 N* and 6r+h,r-l = 1 imply r + h - br+h- Ej=l,r+h-l sr+h,J =0 whence 
ILrI I - INr-ll + INoI = IHI. Therefore, by an examination of (17), (20) and (21) it 
easily follows that ar-i+1 - ai = C1 for every i # r - br. If i = r - br, the coefficient 
of kr-br -Iin is 

abr+1 I-r-br + ar+1 -abr+ = -1 IMI + r - 2r + 2br + 1 + |Hr-b -11 

Hr-br - 1 - r,r-br-1 = Cr-br 

and the statement is proved. 
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4. Adaptation to a Computer. These arithmetic methods for the generation of 
permutations have been shown to be convenient because they allow one to perform 
the computation of Am and A"1 in the most convenient base for the computer used; 
the specific base k intervenes only in the final passage in which the wanted 
permutation is generated. 

Obviously one must see that Am and/or Ae are smaller than the maximum 
available integer of the standard software. In the opposite case one must use a 
procedure which performs the operations on the integers in multiple precision. 

Since Am is smaller than kk -I and since 109 is a normally used integer in the 
scientific languages of programming, permutations of 10 marks can also be gener- 
ated by this method with the usual instructions. 
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